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Abstract

The two-dimensional (2D) version of ferromagnet XXZ spin chain with DzyaloshinskyMoriya (DM) interaction, recently
introduced by F. Kenmogne and coworkers is reexplored. Firstly by using the Dyson-Maleev transformation, the 2-D
discrete nonlinear Schrodinger (DNLS) equation, governing the quantum states behaviors is found. Next using the
semidiscrete multiple-scale method, the 2-D DNLS equation is reduced to the 2D extended nonlinear Schrédinger
(ENLS) equation which consists of the basic 2-D NLS equation with additional nonlinear dispersive terms. This equation
admits the classical 2D pulse quantum states, when additional terms vanish. In addition, this equation admits the 2D
compacton and 2D peakon-like boson quantum states. Furthermore, we notice that on the contrary to the classical
outcomes where amplitudes of both solutions are free parameters, the amplitudes for two dimensional quantum states
are not free parameters since the obtained solutions need to be normalized.

Keywords: 2-D discrete NLS equation; 2-D Linear dispersion; 2-D pulse soliton; 2-D pulse compacton

1. Introduction

More recently, F. Kenmogne and coworkers [1] investigated the possible propagation of transverse compactlike pulse
signal propagation in a two-dimensional nonlinear electrical transmission network with the intersite circuit elements
(both in the propagation and transverse directions) acting as nonlinear resistances. Pulse compactons being found for
the first time by Roseneau and Hyman|[2, 3, 4]. Since these pioneering works, a growing number of works had been
devoted to this particular discovery, and this in almost all physical domain, and particularly in nonlinear electrical
transmission lines [1, 5, 6, 7] and optical fibers[8, 9]. It has been proved that each equation admitting the compacton as
a solution for certain range of parameters, could admit other forms of solutions with discontinuous derivatives in the
form of peaks or cusps elsewhere. All solutions found in these studies are classical since the output signals obtained are
proportional to the input initial conditions.

Nowadays, in the classical domain, intrinsic localized modes (ILMs), well known as discrete breathers or lattice solitons,
have attracted enormous attention in many areas of physics [10]. Discrete breathers can be defined as spatially localized
and time-periodic excitations that can exist in classical discrete nonlinear systems. Discrete breathers have been
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extensively studied in theoretical and computational settings [11], in order to understand the physical mechanism of
energy transfer in low dimensional system.

Recently, some works have been devoted on the studies of quantum soliton like breathers in Heisenberg spin chains,
namely by using numerical diagonalization, and nondegenerate and degenerate perturbation theory, Djoufack et al [12,
13] calculating energy spectrum of anisotropic ferromagnetic Heisenberg spin chains, shown that two, four, and six-
quanta quantum breathers can exist in these ferromagnetic chains. While recently, Bing Tang et al [14] have analytically
shown that quantum breathers with a large number of quanta are possible in ferromagnetic chains with on-site easy
axis anisotropy. More recently, Djoufack et al [15] have constructed the quantum soliton and theirs properties in 1D
Heisenberg spin chains included Dzyaloshinsky-Moriya interaction for a long range interactions.

In this paper, we reconsider the two-dimensional (2D) version of the Heisenberg ferromagnetic XXZ spin chain with DM
interaction recently introduced by F. Kenmogne et al. [16]. Let us remember that the DM interaction was proposed first
by Dzyaloshinsky and Moriya to describe weak ferromagnet, which is essentially an antisymmetric spin coupling that
appears when the symmetry around the magnetic ions is not high enough, thus leading to the mechanism of weak
ferromagnetism, which is caused by the combined effect of spin-orbit coupling and spin-spin exchange interaction [17,
18]. In magnetic systems, weak ferromagnetism plays an important role in depicting insulators, quantum phase
transitions, spin soliton excitations [19]. one may wonder whether the weak ferromagnetic systems may admit 2D-
compacton and 2-D peakon as quantum excitations, analogous to their classical counterparts. The answer to this
question is the main objective of the present work.

Thus the paper is structured as follows: In Sec.2, we present the model description and the derivation of the 2-D DNLS
equation. In Sec.3, we use the semi-discrete multiple-scale method to derive the 2-D ENLS equation governing weak

amplitude modulated waves. In Sec.4, we obtain the stationary localized exotic solitons as solution namely: the bright
compacton and peakon-like quantum breathers. Finally, in Sec.5, we give some concluding remarks.

2. Model description and derivation of the discrete NLS equation

2.1. Hamiltonian description and its Bosonization

The starting point here is the Hamiltonian for an anisotropic ferromagnetic chain with uniform DM interaction, given
by[14]:

ror
— y y y y
H=- Z Z U (55wn + SEnStsen + SpSitansy + SnSTjen) +12(SnStnn + SinStsen)]
T
+D Z{L} Z{]}(S{U} X S{i+1,j} + S{U} X S{i,j+1})' ........................ (1)

with §ij = (5{§j}; 5{321-} ; S{zij}), where Sy (m = x; y; z) is the m{™ component of the spin operator on the site j, J; and
J, are the exchange constants, D = Dez, D being the DM interaction parameter, while f is the number of sites in this
magnetic lattice. By setting S{U}%} = Sty £ 1S(;, with [*2 = —1, the Hamiltonian (1) can be rewritten as

— _1yf vf + o- + o- - ot - o+
H == 302U (SinSaey + StnSairy +SinSten +SanStjen ) + 22SinStan + 22S(nSEjen] —
D _ _ _ _
15 2L SapSitenn + SinSiivn = StnSiivrn = SEaSissn)sesve (2)

where S{i;,, Sy and S7; are spin operators satisfying the commutation relations [S;, S_{i'j'] = 25§, 160751
and [S{J—lfj}, S{Zi,j,}] =F S{J—{j}d{ij}d{irjf} , with m Tuf = S(S + 1). For sake of simplicity, the Planck constant is set to i =

1 in this paper. To obtain the new version of (2) as function of creation and annihilation operators, let us introduce the
Dyson-Maleev transformation as [20]:

1 a?-a{i } _ 1
S{*i-j} = (25)2 <1 - ]2—Sj> agijy S{ij} = (ZS)ZClLTj .................. 3)
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_ t
S{Z”} =5 - aija{ij}. .................. (4)

where a{i]-}(a?j) is a boson annihilation (creation) operator, leading by setting « = J; + ID in (1) to the following
bosonized Hamiltonian:

H= =302 S " af pagy + @ af jonawy + @ afyagey + @ afyag e = Ja (i iy Qe +
agij} agp)] + %Z{i} Z{j}(“ a{Jri+1,j}ag.ij} Aiv1,j) Aivry T & agi,j+1}ag-ij} ag,j+1y A j+1y a*agiﬂ,j}agij} agjyagjy +
a*agi'jﬂ}agi].} agpag — 2J2( agi+1,j}ag.ij}a{i+1,j}a{ij} + azrl._ﬂ1}agij}a{i,j+1}a{m) ) (5)
To avoid overloading the paper, the ground state energy is neglected.

2.2. Quantum dynamics Analysis and time-dependent Hartree approximation

In the quantum mechanics point of view, one can use these following three different methods which seem to be
equivalent and that are the Dirac interaction, the Schrodinger and Heisenberg picture. In this present work, the
Schrodinger picture is adopted to analyze the quantum dynamic of our system. Thus, the state vector |¥(t)) is time
dependent, while operators are time independent. The time evolution of the state vector |¥(t)) of the system is
governed by the Schrodinger equation

v ) _

Ji =
dt

1L 403 Y (6)

The Hamiltonian (H) in Eq. (6) commutes with the number operator defined as N = Z{i} Z{j} a;rl.j} ag;; whose eigenvalue

is n. Thus, the boson number is conserved. Taking in consideration H in (5) and N, we can deduce that the boson number
is conserved and obviously, one can rewrite the system using the Fock representation,
in which the general n-boson system state vector is expanded as [14]

_ 1 f f f P ... . t + +
[¥(t)) = ﬁz{i1,j1=1}z{iz,jz=1}' ..Z{in_jnzl} On (i1, Uas e s J1s Sz Jr 8) Qg 1y Ay oy - Wiy | O)vvevvesnnenns (7)
where |0) =|0)1|0)2 - - - |0)f is the vacuum state. On are fn time dependent coefficients of corresponding number states,

while more generally 6n (i1, i2, ..., in, j1, j2, .., jn, t) is the n-boson wave function, which need to be normalized as

DSND 3/ SRR ; ARPRIRY [ 708 PYOSUOR AP 1Y SO M0 3 B LI B, (8)

Taking into account the bosonized Hamiltonian (5) and the state vector (7) into the Schrodinger equation (6) and
considering the boson commutation relations[ay;;, azrl.j}] = 5{1‘,’}5{1-’;’}; the following Schrédinger equation for the n-
boson wave function:

n n

d . o .
(Ia—nwo) 0,(i1, 00, oy in, i joreeorjut) = =S Z Z [
{k=1} {1=1}

a6, (il' I s bgle—1y Ly — 1, Lier1yr o b JuoJoo oo Ju—1p iy — 1'j{l+1}' e Jn t) + a6,(iy, iy, ..., lge—1p by +
. . . . . . . . a . . . . .
Ligesry o bwdvdzr - Ju-1pJg + Ligery - Jnt) 1+ Xy Z?l::k}[;6{ikik+1jljl+1}9n(lli L) ooy Uy ooy Loy Ly +

L igeray oo o JoJzo oo Jv o Ju-1pJo + Ligesy o Jns t) + 75{ikik—1jzﬂ—1}9n(l1' Lol sy Yp—ap Uiy —
Ligeray o bwdvdzr-oJo-Ju—p oy = Ligsap - Jt ) =
J2Ogik+1j1j1+130n (0 Gas ol Ly oo bt Jzr oS e e ity o Jis )]s e 9)

is obtained. Where w, = 25J/,, and where the interaction between pairs of bosons is a Kronecker delta-function. This
can be compared with the corresponding quantum field theory for a Bose gas involving a Dirac delta function
interaction. Equation (9) is the set of ordinary differential equation, difficult to solve exactly, this is why it is natural to
turn to approximate methods [21, 22, 23]. In our work, we use the time-dependent Hartree approximation, usually
applied to the studies of nonlinear excitations in optical fibers and lattice systems and which is well known in quantum
field theory [21, 23]. This approximation is used when the number of boson becomes large and the exact eigenfunctions
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of the Hamiltonian very difficult to construct. Its basic idea is the fact that a system of n-bosons can be described by a
single-particle wave function, due to the fact that every boson feels the same potential caused by the interaction with
other bosons. In this approximation, therefore, n-boson wave function 6(il, i2, .., in, j1, j2, .., jn, t) is assumed to be
rewritten as a product of the form [24].

0H (i iy iz £) = [Tty @ity (£) e e e e (10)

where ®n,kl is the single-boson wave function with ik=1, 2, .., f,jl=1,2,.., f,1=1,2,..,nand k=1, 2, .., n labeling the
boson. Accounting to Eq. (10), the n-boson state vector (7) can be reduced to

_ L (5 3f )"
W, () = ﬁ(Z{m} Sy Py () a{ij}) 1) Y (11)
and from Eq. (8) the normalization then is p = 1, where

v/ f 2
P = Yty 2= Poninn O] v (12)

is the norm. The functions @,;;(t) are to be determined by extremizing the action integral St = [ dt (Ln(t)) [25].
Where Ln(t) given by
. dd i
L{n}(t) =nl Z{ij}[lq){n,ij} —;: i}
* a * * * * a*
Sa® i3 Py =5 (0= DIPh 3 Ph i1 Py Poniy + Py Pini -1 Pniy Peninl —5 (=
DIPp,iyPiniss ) \Phigm iy \PRig iy + PpniyPini j+ 3 Prnin Pining] + 20— D[Py Pini-1jy PiniftPimi-1y +
D i Pinij-1) Py Ponij—13]]l e (13)

— WPy Pmijy + S AP iy Prnio1jy + S P i1 Prnij1y + SAPh i3 Py +

is the Lagrangian. Requiring 6 SH/é‘CDEn‘l-j} = Ofor the optimal Hartree solution, the above action integral leads to the
following discrete NLS equation of motion for the single-boson wave function:

ddg;; * *
1= — @y + S[a” (Piorjy + D jony) + A(Pay + Py jen)] + (1= 1) [ _%(q){i—l,j}cb{zij} + @ Py +
cI’{i+1,j+1}|2‘1’{i+1.j+1}) - (q’ﬁﬂ,j}q’{zij} + @f; 41y Pfijy + |q’{t—1,j—1}|24’{i—1,j—1}) t)2 (|q’{i—1,j}|2 + [\Phigg_p|* +

|q){i+1,j}|2 + |¢*‘{l"}'+1}|2) q){l]}] =0, e (14’)

We now proceed to derive the Hamiltonian for the discrete Eq. (14) defined as :

Ley®  0Pmij
alb{n’ij}/at) at

H{n}(t) = 6{6( - L{n}(t) .................. (15)

and whose the expression is explicitly given by

Hey(£) = =0l Bfy —00@5n iy Ppniy + S @ iy Pnicry + S& iy Pinijory + SAPfy 1y P iy +

* a * * * * a*
Sa®p iy P, i1y — 5 (0= DIPh 3 Pi-1, Pimint Ponify + PiniyPinij-1 Peniy Pmipl — 5 (=
DIPi3Pinirs, 3 \PRim iy \Phigijy + PlniyPinj+1 PLiniy Ponip] 2 — D[P Plni—1,jy PLoniy Pmi-1y +
(Dfn,ij}q);n,i,j—l} (D{n,ij}cb{n,i,j—l}]]f .................. (16)

which is identified as the total 'energy’ of the system in a real application.

3. Reduction of the equation of motion: 2D-Extended NLS equation

In this section, we use the semi-discrete multiple-scale method [26] to solve Eq.(14) approximately, by first seeking
modulated wave solutions of the form:

CD{U} (t) = ll){u} (t)exp (H{U} (t)) .................. (17)
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where 0,;(t) = kjia + kyja — wt stands for the phase of the carrier wave, which leads Eq. (14) to

d¥aj) 24 2
I dt + ((U - wO)‘p{l]} +S ]1 +D [(lp{i—l,j} + ‘P{i+1'j})COS(a(k0 + kl)) + (qj{i']'_l} +

lP{L']+1})COS(a(k0 + kz)) + I(q’,{l+1’]} - lp{L_lJ})sin(a(ko + kl)) + I(lp{l’j+1} -

n—1)/JZ + D?

. ( * *
(lp{*i,j—l} + LPE;J_H})COS(Q(](O + kz)) + I(qj{*l.—l,]} - lp{t+1‘1})Sln(a(k0 + kl)) +
(Wi jony = W jeny)sin(atko + k)] + (|lp{i+1,j+1}|2ly{i+1,j+1} + |lp{i—1,j—1}|2lp{i—1,j—1}) cos(a(ko +
2 2 .
by +2))) + 1 ([Whanjon] Whanjon — [Wicsjon] Waosjon ) sin( alke + ks + k2))) 1 +

]Z(Tl - 1) (|l‘p{i_1'j}|2 + |lp{i'j_1}|2 + |lp{i+1‘j}|2 + |lp{l']+1}|2)ly{l]} =0. e (18)

D

with k, = % arctan (1—) The basic of semi-discrete approximation is assumption that envelope function ¥ is regarded
1

as continuum variable. In this approximation, therefore, we need to adopt the continuum approximation for Wij(t) =
Yx y 1), with 7 = ¢ and x =ia — vty = ja — vgi,t. Next, we power expand Wizl to
second order as:

oY | a?o?wy oY | a?o’vy
Pty =¥YE2 +5 52 Yuyrn =YL+

e e a(19)

which leads Eq.(18) to:

oy iNY oY 5 5
I (E - v{gl}a — Vig2) E) + |[w—wy+2S |J;+D (cos(a(ko + kl)) +\cos(a(k0 + kz))) y

5 N ENY , 0y oy oY
S |Ji+D?%|a 92 cos(a(k0 + kl)) +a a—yzcos(a(k0 + kz)) + ZIaasm(a(ko + kl)) + ZIa@sm(a(ko + kz))
B (n—1a?*/J? + D? [qu ENY
2

dx2

* 62‘{]*
cos( a(ky + kl)) + a—yzcos(a(k0 + kz))

62|Lp|2 N 62|Lp|2 w
d0x? dy?

a 0)\°
+ (a + @) (¥ 12W)cos( alky + ky + kz))] +],n—1) (

(n—-1) [w/]f + D2 (cos( a(ky + kl)) + cos( a(ky + kz)) + cos( alky + kq + kz))) - 4]2] WY +
la(n — 1)/JZ + D2 [( % + %) sin((alky + ky + ky)) — W2 (aa—q:sin(a(k0 +ky))+ aa—t’;sin(a(k0 + kz)))] =0.
.................. (20)

For the weak amplitude quantum breathers with constant shape, Eq. (20) leads to the dispersion relation:

w = wy — 25\/{J? + D%} (cos((k1 + ko)a) + cos((k, + ko)a)) .................. (21)
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M )

Figure 1 The dispersion curves of linear spin waves for different values of D=]1. In all cases, we
fixJ;, = 04and J, = 045.(a) D/J, = 0,(b)D/J; = 0.8

This dispersion relation, plotted in Fig(1) is the band pass filter, with the maximum wy, ., = wo + 4S/{J? + D2},

obtained at k1 = k2 = 7m/a-k0, and the minimum w,;, = w, — 4S/{JZ + D2}, obtained at k1 = k2 = -k0. From the
dispersion relation (21), the coordinate of group velocity in x and y directions can easily been found as:

Vigy = —— = 2Sa\/{Ji + D2}sin((ky + ko)a), Vigyy = —— = 25a\/{Ji + D2}sin((ky + ko) @) wevvveveernrreenns (22)

Taking into account the dispersion relation (21) and group velocity coordinates (22) into Eq.(20), one has:

w* 2y a . 9\? 2wz | 22|w|?
1224 R 224 BT QY + W2 (vay 22 + vy W) (4 55) QWPW) v (G- + 5050w+
o(IwIPw) | a(1¥I*w) 2 LAY
[[( — + % ) -y (Xx + Xy % )] =0 e (23)

With

P, = Sa?\[JZ + D2cos((k, + ko)a), P, = Sa?S\/J? + D%cos((k; + ko)a),Q = (n — 1) (4]2 —S\/J? + D? (cos( a(k, +

-1 -1 .
kl))+< cos( a(ky + kz)) + cos( alky + ki + kz)))> = n—v{gl},)(y = n—v{gz},)(l =a(n—1)JJ? + Dzsm(a(ko +
-1 -1 -1
ki +k2)), Yiax = —%Px, Yy} = —%Py,yz = (n ) a?\JJ? + D2cos( alke + ky + k3)),¥3 = Jo( — 1) v
(24)
4. Solution of the Extended NLS equation
4.1. Preliminary: 2D ordinary solitons
For weak value of g, that is for a = 0, Eq.(23) reduces to
oV a2y
I¥+Pxﬁ+ Pyaz+Q|l{]|Lp_0 .................. (25)
admitting as solution the 2D transverse pulse soliton:
Y(x,y,1) = Wysech(u,x + py — v, T)exp (I(nlx + 1y — vp‘r)) .................. (26)
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19|

[l

Figure 2 Profile of 2D pulse soliton given by Eq.(26). with parameters P, = 0.5, P, = 0.2,Q=1and ¥, = 0.5, (a):
ul=0,(b):pyy = 0.2.(c)u; = 04, (d)p; = 0.5, while p, is deduced from Eq.(28)

where v, and v, are the envelope and phase velocities, with

Ve = 2Py liyMy + 2Pty 1, Vp = Pe (0 — 11°2) + P (N5 — 15) v (27)

while y; and p, are related to soliton widths, obeying the constraints P, u? + Pyu§ = %‘P@. By setting u; = pucos(9), u, =
usin(9), one has

u= lpo\/ I (28)

2 (chosz (9)+Pysin? (19))'

The profile of this solution is given by Fig.2. It is obvious that this equation has a solution if PxQ > 0 and/or PyQ > 0 since
9 is a free variable. In Fig.(5), one has in yellow color the domain where PxQ > 0 and PyQ > 0, and then 2-D pulse soliton
can exist V9. Otherwise the green color is obtained for PxPyQ < 0, and 2-D pulse soliton can exist only for some values
of 9. By taking into account the normalization condition in the transverse direction z = ap(i cos(9) +j cos(9)), itis obvious
that:

wZ {0} 2w
p =3I 2 og, ()02 = iy sech? ()dz = T2 = 1, (29)

leading by taking into account to Eq.(28) to the soliton amplitude

w, =2 \/ I (30)

242 (chos2 (9)+Pysin? (19))'

Remembering to original variables, it is obvious that!

D) = LPosech[a,u(icos(19) +jsin(19)) — (ve + pu(veg1ycos(9) + vygzsin(9)) )t Jexp I[(k1 + 1, )ia +
(ky +m2)ja — (@ + 11 vigry + N2Vigay + Vp)t] e v v ee o (31)

For the stationary breather, one has v, + u(vyq cos(9) + vy, sin(¥9)) = 0. By substituting Eq. (31) into Eq. (11) and
using Eq.(30), one can construct the following Hartree product eigenstates:

101



GSC Advanced Research and Reviews, 2023, 14(01), 095-107

|w, ()Y} = \/%exp(—nl(w + M1 Vig1y + M2 Vigay + vp)t)‘}’é1 (Z{izl}Z{j:l}(sech[a,u(icos(ﬁ) +jsin(z9))] exp I[(k, +
n
nia + (ky + nz)ja]ag”}) [[0) T (32)

We can then obtain the mean number of bosons on zg;;; = icos(¥) + jsin(9) direction, which has the following form
(n{ij}(t)>{(H)} = (q’n(t)|a{+ij} a{ij}|lpn(t)) W, () that is:

(ng (O} = n% < sech? |% < Zign ] e (33)
3 8 (chosz(0)+Pysin2(19)) 4 (chosz(ﬁ)+Pysin2(19)) o

By taking into account Eq.(31) into Eq.(16), the energy can be calculated by taking the integration in the transverse
direction zijas En = (¥n(t)|H|¥n(t)) to give:

a4— QZ

2(n-1
E,=n {v{gl} cos(9) + vigaysinco) + (ns )a [2]2 —\J? + D? (cos(a(k0 + Kk, + 771)) +

e 2
48 (chosz(ﬂ)+Pysin2 (19))
cos(a(ke + k, + 772)))]}- .................. (34)

It is obvious that the energy is a function of n and then is quantized (see Fig.3). This energy is plotted in Fig.(3).
Another form of solution is the dark solitary wave given by

Y(x,y,1) = Yytanh(u,x + u,y — v,1)exp (I(nlx + 1y — vpr)) .................. (35)
With
Ve = 2Pyt + 2Py, vy = P (03 4 203) + P, (03 4 203) cevovevireeienns (36)

with the constraints P,u% + P,u3 = — % W2, By setting again p; = ucos(9), u, = psin(¥), it is obvious that

(at) (b1)
0.5 05| —
w — I A
| o — o o
e / ) Sy
0.5 P { 0.5 .
1 - ——
1 0.5 i} 05 -1 .5 i} 05
(aZ) (b2)
=
L L3 [ — 05| ) -
— il e E T e R
a0 — o| e, I—
3 i ) 1
05 / 05 oy S S I—
B e r——
1 A —
1 0.5 o 05 1 0.5 o 05
(a3) (b3)
] t A f
0.5 ¥ 0.5 .
i o/ ) w4 =
4 i T o {-5 L,
= [ )
05 ‘\’. — 05 -QL H
. € —
1 == - —
1 0.5 o 0.5 -1 0.5 o 05
k,a k. af

Figure 3 Contour plot of the energy given by Eq.(34), with the same parameters as in Fig.(1) and with D/J; = 0.8,
withy, = 0,7 = W, n, = Py (@) n=5,(b):n=15.(1):9 = 0,(2):9 =n/6,(3):9 =n/3
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u= ‘Po\/z( A (37)

Pycos?(9)+Pysin? (19)).

The profile of this solution is given by Fig.4. In Fig.(5), one has in blue color the domain where PxQ < 0 and PyQ < 0, and
then 2-D dark soliton exists V9. Let us find W(x, y, T) with linear phase in polar coordinate, ¥(x,y,7) =
f(x,y,7) exp[I(mx +ny — v,7)], leading by equating the real and imaginary parts of Eq.(23) to the following set of
ordinary differential equations:

of

of
-+ 2[n P+ (=vammn +3v2001 +n2) +3x1 = x:)f?] 5+ 2[Bn2 + (=vyymz +3v2(n +12) + 33, —

P Fo R — (38)

f(v, —Pn?—Pn2)+ (P + 2)a—zf+(P+ 2)E’—2f+ - 2— 2 - +1,)% —
» — Pani — Byn; x tYuaf ) ozt (Bt vanf*) 52+ (Q — Yt — Yz = v2(n +112)

of 9%tz 9%f?

2 2
10 +12) — (Moxe + nz)(y))f3 + 3y,f? (;—x + :—y) f+6v.f (% + 5) +vsf (ﬁ + W) =0 oo e (39)

Equation (39) is rich and can inspire researchers to analyze and find the solutions of this class of partial differential
equation.

4.2. Exotic solitons as solution: Bright compacton and peakon-like quantum soliton

Looking for traveling wave solutions in the form f{x, y, t) = f(z) with z =x cos(9) +y sin(J) - vet, where ve is the envelope
velocity, the above system is transformed into the following system of nonlinear ordinary differential equation:

{-ve+2 (771 P, cos(9) +n, P, Sin(ﬁ)) + 2[(_V{1x}771 +3y2(m1 +1m2) +3x1 — Xx)COS(ﬁ) (_V{1y}772 +3y2(n1 + 1) +
311 — Xy) SN2 = 0 v (40)

[P, cos?(9) + Py sin®(9) + f2(Yumcos? (9) + Yy sin?(9) + 3y2 (1 + sin(29)) + 2y3) If" + (Q =Yl — Yayi —
Yoy +m2)2 = (s +12) = (mxte +m22y) ) 2+ 2372 (1 + 5in(29)) + y3] F£2 + (v, — PenF — Byn3) = 0

and

(3]/2(171 + 1) +3x1 — Xx — y{lx}r)l)cos(ﬁ) + (3)/2(171 +12)+30—xy — y{ly}nz)sin(ﬁ) =0 oo (43)

103



GSC Advanced Research and Reviews, 2023, 14(01), 095-107
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Figure 4 Profile of 2D Dark soliton given by Eq.(35). with parameters P, = 0.5,P, = 0.2,Q = —1and¥0 = 0.5,
(@:1y = 0,(b):py = 0.2.(c) g = 04, (d)uy = 0.5, while p, is deduced from Eq.(37)

4.2.1. Pulse compacton-like quantum signal

Let us mention that, pulse compacton is the solution of Eq.(52) whether f= 0 is unconditionally the solution of Eq.(52),
leading to the constraintsP,cos?(¥9) + Pysin2 (¥9) = 0, leading then to a compact bright soliton as a solution in the form

[6]:

Pulse soliton

kalx
kyalm

k,alm

kjalm

Figure 5 Domain of existence of Pulse and dark solitudes according to Eqgs.(28,37). In all cases,
wefixJ; = 0.4andj, = 045,n=20andS=15.(a)D/J; = 0.8, (b)D/J; = 0.0.

Agcos(u(z — zp)),if |z — zo| < %,

f@) = { R /3|

0, else

With
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5 (@ vaamt-vaym3—va i +n2) = xa (i +n2)-(nax+m2xy))
- V(12302 (D) +Y (1535in2 (9)+9y, (1+5in(29) ) +4v3

u T %))
With
, 3 , 3 .
v, = p? [Px cos?*(9) + P,sin*(9) + Aj <Zy2(1 + sm(219)) +7y;+ 2 (y{lx}cosz(ﬁ) + sznz(ﬁ)y{ly})) ]
+283 (v + v2)nd + (viayy +v2)n3 — @ + + 00+ 20 + om0+ xy) | + Ben? + B2 (46)
270 |V T V21 Yy} T V2 N2 MnN2Y2 T N1 X1 T Xx 22\ T Xy x 1 yN2-

Compact solution (44) satisfies the normalization condition

_ i) 2 _ a3 deorsy o e
p =il 2 Pmin @] = 7&20_%} cos?(u (z — z0))dz = 2y = Lo (47)

leading that A0 = ,/2pa/m . Remembering to original variable, it is obvious that:

(2 ;
[ [ cos (uCxeos(9) + ysin®) — ver))exp [1(nux +nay = v,7))
W(x,y,7) = { if ulxcos(9) + ysin(®) - ver| < .

k 0, else

The profile of this solution is shown in Fig(6). One can here construct the following Hartree product eigenstates:

n

[, ()Y = \/%exp(—nl(w + 1y Vigy + MaVig2y + Vp)t) (2” a)E (Z{izl}Z{j:l}(cos[au(icos(ﬁ) +

i

jsin(ﬁ))]] exp I[(k; + nyia + (k, + nz)ja]agij})n [0).if |icos(¥9) + jsin(¥)| < % .................. (49)

¥

V3

Figure 6 Profile of 2D Pulse compacton given by Eq.(48). with parameters p = 0.2, a, = >
a, = 1/2anda=1.

4.3. 2D- Peakon-like quantum signal

Next, assuming a peak soliton as a solution in the form :
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f(z) = Bexp(—pu |z — 25]), covverreevnrenenns (50)
one has the phase velocity:
v, = Pni + B3 — u? (Px cos?(9) + P, sinz(ﬁ)) .................. (51)
and the widths
g2 = (Q—V{lxw%—y(ly}n%—Vz(n1+nz)2—xl(n1+nz)—(n1Xx+any))_ .................. (52)

Y{1x3€052 (D) +¥ (155in2 (9)+9y2 (1+sin(29) ) +4y3
The above solution must satisfy the normalization condition (12), one has

{+ o0}

_ vf £, 2 _viA) vl 2 _ p? _B* _
p =Sy 2o Pmin® = p = T ZE Pmipn O = = [ exp (=2uln)dz = oo = L (53)

leading to the peakon amplitude 8 = +/pa.

5. Conclusion

In this paper we have studied the 2-D compacton and 2-D peakon-like quantum states in a two-dimensional ferromagnet
XXZ spin chain with Dzyaloshinsky-Moriya interaction. Based on the time-dependent Hartree approximation, we have
shown that the quantum states may be governed by the 2-D discrete nonlinear Schrodinger (DNLS) equation. Next,
using the semi-discrete multiple-scale method, we have shown that the 2-D DNLS can be reduced to the 2-D continuum
extended nonlinear Schrodinger (ENLS) equation which consists of the basic NLS equation with additional nonlinear
dispersive terms, admitting two types of exact solitary wave as solutions: The 2-D bright compacton and 2-D peakon as
eigenstates, according to the relative magnitude of its coefficients. Next we have found the energy levels formula of these
quantum pulse soliton is quantized. We found also that on the contrary to results found for the classical cases where
initial amplitudes of both solutions are free parameters, the initial amplitudes are not free parameters since the
obtained solutions need to be normalized.
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